International Journal of Theoretical Physics, Vol. 36, No. 2, 1997

Binding Energies of Nuclei

A. S. Rabinowitch!

Received May 27, 1996

A new theoretical method is proposed to describe known properties of nuclei.
The method is based on the theory of nuclear forces given in an earlier paper
and results in formulas for the binding energies and dimensions of nuclei which
accord with experimental data.

Let us consider a classical particle which interacts with nuclear and
electromagnetic fields. Its movement in the fields can be described by the
following equations (Rabinowitch, 1994):

po exp(¢/c?) (¢ di*ds* + deolds dklds — d¢laxy)
— OFk dxlds = 0 (1)

@', 22, %) e Q0 2
3%p/ox" ox, + (muclh)2e = —4w(GIm,)py exp(e/c?)

Fi, = 0AJoxk — A, /ox" 3)
9*A%ox"ax, = 4w dx*/ds, dAYaxk = 0

where ¢ is the scalar potential of nuclear forces, A, are electromagnetic
potentials, p, is the density of the particle mass my at rest when ¢ = 0, 8 is
the density of the particle charge, dx*/ds is the 4-vector of its velocity, ds?
= dx*dx;, m, and m, are the masses at rest of the neutral pion and proton,
respectively, G¥/#c is a dimensionless constant of the strong interaction, and
Q(x°) is the small spatial volume, depending on time, which is occupied by
the moving particle.
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Let us write down a condition which must be imposed on the mass of
the particle to regard it as classical and hence for equation (1) to be correct.
The condition follows from the known correlation (Naumov, 1984)

(2mEy)'Pry >> )

where E,, m, and r, are the binding energy, mass at rest, and radius of the
particle, respectively.

Since r ~ N'3 fm, E,/N ~ 1072 m,c* (Naumov, 1984), where N = m/
m,, from (4) we get

(mimp)*® >> 1 &)

Therefore, we can consider a particle classical when condition (5) is satisfied.
In accordance with (5), we will further examine nuclei with m/m, = 20.

Let us consider a nonrelativistic nucleus moving under the action of
external sources of the electromagnetic field with potentials AZ* and apply
equations (1)-(3) to it. Then in the nonrelativistic case under consideration
we get

Po exp(p/c?) (W™ + d/ax*) + B(8AOx* — 3AL/9x°) = 0, a=1,273

6)
o, 2 0) € Q) A, = AN+ A %
AAP = —4m0, AA™ = 410v*/c (8)

where v* = v*(x%) and w* = w*(x) are the velocity and acceleration, respec-
tively, of the nucleus, and Ai™ are the potentials of the electromagnetic field
generated by the nucleus itself.

From (8) we obtain the correlation for AiM

A= —APYYe, =00, a=1,23 ©®)

A= [ ORG drdy. R= (6 R 2 - P
Q
(10)

Therefore, from (6), (7), and (9) we derive the following equation in
the considered case |v*/cl << I:

[c? exp(p/c?) + yAFIw™/c? + d[c? exp(p/c?))/ox>
+ vy 0AfYox* = yEZ,
y=0/py, a=1273 (11)

where EY,, are electric field intensities generated by the sources external to
the nucleus.
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Let us assume that the external sources are remote from the nucleus.
Then inside the particle the external electromagnetic field is homogeneous
and @ = ¢'™, where ¢™ is the potential of the nuclear field generated by the
nucleus itself.

Since the accelerations w* must be the same for different points of the
particle and EY,, are arbitrary but also the same for those points, from (11)
we derive the two equations

vy = 0/py = const
c? exp(p'™/c?) + yA§t = const,  (x', x%, x%) € Q) (12)
Equations (11) and (12) give the classical law of Newtonian mechanics
mw® = qEg, (13)

where ¢ is the charge of the nucleus and m is its inertial mass, given by the
following expression:

m = mgy exp(¢™/c') + gA§*/c* = const
my = gpy/® = const, !, 2 ) e Q0O 14

The two equations (14) permit us to describe the distributions in the
nucleus of the charge g with the density 8 and the mass m, with the density
po- As follows from (1) and (14), m, is the nucleus mass at rest when ¢ = 0.

Let us now examine a nucleus which is at rest relative to an inertial
frame of reference. In this case E%, = 0. We have a stationary, spherically
symmetric problem. Let r and ry be the distance between a point of the
nucleus and its center and the radius of the nucleus, respectively. Then we
have r = r,.

For the region r < r, occupied by the nucleus we apply equations (2),
(8), and (14) and get

'+ 2f'Ir — (maclh)f = 4mB(mo/q)[G/(m,c) e/, = ¢ (nic?(15)

B" + 2B'/r = —4w0/c?, B = Al(r)/c? (16)
mee'f’ + gB' =0, O0=r=r, a7n

From (16) and (17) we find
B' = —(mog)e’f’,  B" = —(mdq)e/lf" + (f')] (18)

Aw0/c? = (my/@)e’f + 2f'Ir + (f)Y,  f=fD (19)

From (15) and (19) we derive the following equation for the nuclear
potential ¢

(WY — D" + 2fIn) + W' +vf=0, O0=r=r, (20
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where
p = Gmg/m,g, v = muclh 2D

Let us consider equation (2) for ¢™ in the region r > r, outside the
nucleus. This equation has the following form:

'+ 2f'Ir — V¥ = An[Gl(im,O)Vee!,  f= ¢™/c, r>re (22)

where €5 = €(r) is the density of the mass at rest of virtual pions (Feynman,
1961) created in the physical vacuum at the nucleus surface r = r, because
of the influence on it of this surface.

Considering that the lifetime of the virtual pion is given by T ~ A/m,c?
(Naumov, 1984) and their mean speed is |¥| << ¢ as the surface r = ry is
immovable, we find that the mass of the virtual pions is mainly concentrated
in a very narrow region, ry < r < r, + A, where A << #i/m,c.

Therefore, the mass density e€x(r) of the virtual pions can approximately
be represented by means of the delta function 8(r) as

00

&(r) = od(r — ry), r>ry, where j d(rndr=1 (23)
0

o is a constant equal to the mass of the virtual pions per unit area of the
nucleus surface r == r,.
Let us define

x=vr Xy = Vry, v =m.clh 24)
Then from (20) and (22) we get
(n2¥ — D" + 2 Ix) + p2e¥ (¥ + f=0, O0=x=x, (25
'+ 2f'Ix — f= Nee/, X > Xy (26)
Ao = No(®) = dmeg)[Gl(mev)),  f=f(x), flo) =0 (27)

From equation (26) and the condition f() = ( we obtain the integral
equation

fo = [e" I ) Noe/*x dx — e**( J ’ Noe*x dx + D)] / (2x)  (28)

)
*

D = const, X = Xy
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Equation (28) gives the following formulas for f(x,) and f'(x,):

fle) = —Uw Noe!x dx %+ + De"‘*:l (2x4)

X
*

flxe) = [r e/ x dx (1 — x )e+ + D(1 + x*)e‘x*]/(zxgg) (29)
From (29) we find

Fr)( + xg) + xif (1) = =€ f " ot/ dx (30)

*

Correlation (30) is a condition at the point x = x, for the solution of
equations (25) and (26) to vanish at infinity.
From (23), (27), and (30) we get the equality

FO (1 + xg) + xyf () = —sx,e/0 (31
where
s = 4w[GHm,O)THv, o = const 32)

Let us turn to the electromagnetic potential Ai, for which we have the
classical formula in the region r = r,

B(r) = A(r)Ic* = glc?r, = 33)

q is the nucleus charge.
From equations (16), (24), and (33) we obtain

B(x) = BO) + 4w Jx t(t/x — 1)8(t) dt/(cv)?, O0=x=x, (G4
0

B(x) = qvic’x, X = Xy 35)
From (34) and (35) we get

X

B'(xy) = —4m J " 20D dif(cvx,)? = —qul(cxy)? 36)
0

Formulas (19) and (36) give
j CRel[f + of x + (f] dx = @vimet,  f=f)  (3T)
0
Let us now examine equation (25). From it we get
y' + 2y'/x = —H(x), O0=x=ux, (38)
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where
y=¢e®  Hx = [ In(y) + NV — 1)] (39)
From (38) we obtain the integral equation
y(x) = y(0) + J t(t/x — DH(r) dt 40)
0
Equation (40) can be represented in the form
y(x) = ulx + v, u= j 2H() dt, v=y0) - j tH@®) dt (41)
0 0
From (41) we easily obtain
y'(x) = —ulx? (42)
Consider equality (37). It can be represented as follows:

J TR+ 20x) dx = gvimg?,  y = /@ 43)
0

From (38) and (43) we get

J " RH() dx = —q*vimec? (44)
0
and, taking into account (41), we have
u(xy) = —q'vimoc? 45)
Formulas (39), (42), and (45) give the following condition:
x5y () = 56/ O (xy) = gPvimyc? (46)

From (31) and (46) we get one more condition at the point x,,
F (1 + xy) + gve I myc’x, = —bx, ™9,  b=s0 (47)

By using (14), (33), and (35) we obtain the formula for the nucleus
inertial mass m

m = moef® + gB(xy) = mee/ Y + gPvlcix, (48)

Let A and Z be, respectively, the number of nucleons and the number
of protons in a nucleus. Then, since my is the nucleus mass at rest when ¢
= (), we have
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my = Zm§ + (A — Z)mj, q = Ze, (49)

where mg and m{ are the masses at rest when ¢ = 0 of the proton and neutron,
respectively, and e, is the proton charge.

From (48) and (49) we get the formula for the binding energy E, of
the nucleus

E, = c*Zm, + (A ~ Z)ym, — m]
= cH(@A — Z)(m, — m,) + Zmyl - (1 + Sp)ef(“*)]
+ (A — Dm,[1 — (1 + 3/} — ZPeivix, 50

where m, and m, are the experimental values of the masses at rest of the
proton and neutron, respectively, and

m§ = my(1 + 3,), mp = my(1 + 3,) (&30

9, and 3, are some constants.
Let us consider equation (25) with conditions (46) and (47) to determine
x4 and f(x,). We seek their solution f(x) in the form

f) = fo(l + d,,xz"), 0=x=<x, (52)
n=1
The function €¥® in (25) can be expressed as the power series

0 © k ad
DY 2'?’6( > d,,x”') k= e Y pax" (53)
k=0 n=1 n=0

po=1  p,= 21 2fogndit, n=1, 3 g = (21 d,,xln)
n—1
qni = ‘21 du-igji-1 l=i=n, qoo = 1; gG0=0, j>0
j=i-
(54

From (25) and (53) we obtain

00

2(D2 20 Pt — 1) > (n+ 1)2n + 3)d,, 3 + 20 d x>

n=0

-3

TADY, X p 3 3 (k+ Dn =kt Dy

=Y Hx"=0
n=0
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pozl, d0=1’ Dzueﬂ),
H'l = Hn(D,fO’ dl’ d2a LRI dn+l)» O=sx=< Xy (55)

From (55) we have the equations H, = 0, n = 0, which give the
recurrence correlations

dn+l = F(D’fba d09 dly vy dn)

n—1
= -{dn +2D% 3 [ + Ddii(pa-A2i + 3) + 2fo(n — )d,—)
i=0
i—1
+ 2fopn-i go k + D ~ k)dk+ldi—k]}

X[2n+2)2n+3)HD*-DI",, n=0, dy=1 =

From (56) we find
d, = —/[6(D* - 1)), d, = 0.3(1 + 16D*d\)d?
d; = [d, + AD*d\(5fd?} + 17dy)1d\/7, . .. 57
where, owing to (21) and (49),
D? = pu2e¥ = q(1 + 5)%A%YZ?
a = GYe, 5 =28,ZIA + 3,(1 — ZIA) (58)
Conditions (46) and (47) give the following equations:
RZYA = 2(1 + d)xLfoe™I(d, + 2dpx + 3dayxy + -+°)
R = (e}/hc)mIm, = 0.00104966
Jo = fOe)(1 + dy + doxy + dp§ + -+) (59)
foe)( + xy) + Pe /&) = —pxef5d, P = RZAx,(1 + 8) (60)

From (60) we can compute f(x,) and then from (56)-(59) we can
determine d,, d,, ds, . . . , fy, and x as functions of A, Z, and the four unknown
dimensionless parameters a, b, §,, 8,. Then from (50) we can determine the
binding energy E, of a nucleus as a function of these four parameters.

In order to determine the parameters a, b, 3,, and 8, we have performed
computer calculations of Ey(A, Z, a, b, §,, 8,) by using (50) and (56)—-(60)
and compared them with the well-known experimental values Ej**(A, Z) of
the binding energies of nuclei (Acosta er al., 1973). The parameters a and b
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were varied over wide limits and 8, and , were determined as functions
d,(a, b) and §,(a, b) from using the equation E, = E§*® twice for the two
nuclei }9’Ag and }3’Au by the method of successive approximations.

In accordance with (5), we considered nuclei with A = 20. The compari-
son of the calculated binding energies E, with E3*® gave the following values
of the parameters a, b, 3,, and 3,

a=110, b=0049, &,=0015608, 3, = 0.034606
(61)

The results of the computer calculations are given in Table L. It is seen
from Table I that the computed values E, of the binding energies of nuclei
are very close to their experimental values E*P.

The values of the computed radii r, of nuclei are also close to their
experimental values. As follows from Table I, the radius r, of a nucleus can
be represented in the form

Table k. Computed Radii (r,, fm) and Computed and Experimental Binding Energies of
Nuclei per Nucleon (E,/A and E;®/A, MeV)

Z A r EJA EpP/A z A ry EJA E3P/A

10 20 3.837 8.130 8.032 58 140 6.981 8.360 8.378
12 25 4.108 8.254 8.224 60 145 7.057 8318 8.312
14 30 4.345 8.363 8.521 62 150 7.131 8.274 8.263
16 35 4.556 8.455 8.538 64 155 7.203 8.230 8.213
18 40 4747 8.528 8.596 66 160 7.274 8.184 8.186
20 45 4922 8.586 8.630 68 166 7.359 8.147 8.141
22 50 5.084 8.631 8.756 70 170 7411 8.050 8.106
24 55 5.235 8.663 8.728 72 176 7.493 8.052 8.060
26 58 5.316 8.736 8.792 74 180 7.543 7.993 8.024
28 65 5.511 8.700 8.737 76 185 7.607 7.943 7.982
30 70 5.639 8.706 8.730 78 190 7.669 7.892 7.947
32 75 5.760 8.706 8.696 79 195 7.735 7.894 7.921
34 80 5.875 8.700 8.711 80 200 7.800 7.896 7.906
36 85 5.986 8.689 8.700 82 205 7.860 7.846 7.874
38 90 6.092 8.673 8.700 84 210 7918 7.795 7.834
40 95 6.195 8.654 8.645 86 215 1975 7.744 7.764
42 100 6.294 8.631 8.604 88 220 8.032 7.692 7.712
44 105 6.389 8.606 8.566 90 225 8.087 7.640 7.660
46 110 6.481 8.577 8.553 92 230 8.142 7.587 7.621
48 115 6.570 8.546 8.509 94 235 8.196 7.533 7.579
50 120 6.657 8.512 8.505 96 240 8.249 7.480 7.543
52 125 6.742 8.477 8.458 98 245 8.301 7.426 7.500
54 130 6.824 8.439 8.438 100 250 8.353 7.371 7.462
56 135 6.903 8.400 8.398 102 255 8.404 7317 7.430
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re = au(A, DAV, 1325 < a,(A, 2) < 1.414fm, A =20
(62)

Formula (62) accords with experimental results on the interactions of
nuclei with neutrons. It follows from these experiments that the radii r, of
nuclei are approximately proportional to A and the coefficient a4(4, Z) =
1.3-1.4 fm (Naumov, 1984).

Consider the nuclear potential ¢ of a nucleus. In the region 0 = r =
ry the function ¢ can be calculated by formulas (52), (56), and (60). Computer
calculations showed that the power series in (52) has a very good convergence
and we can approximately write

o(r) = @O)[1 + d,(vr)? + dy(vr)* + dy(vr)%}, 0Osr=r, (63)

where d|, d,, and d; are determined by formulas (57).
In the region r = r, the potential ¢ is as follows:

@(r) = @(ry) exp[v(ry — Dlrylr, r=ry (64)

Let us consider the constant of strong interaction. As follows from (58)
and (61), we have

G*Ific) = 0.080 (65)

The value (65) is the known constant of the strong interaction of nucleons
inside nuclei (Acosta et al., 1973; Ericson and Weise, 1988). In this case we
have low-energy interactions of nucleons.

Let us examine the case of high-energy interaction. Consider a nucleus
which interacts with a high-energy particle. Let us choose an arbitrary instant
of time x° and an inertial frame of reference in which at this instant the
nucleus velocity is zero: dx*/dx® = 0, a = 1, 2, 3.

Then for the nucleus at the chosen instant we have, from (1)~(3),

€% dplaxk + y(AJIXk — dA/ox°) (66)
=W, (20 e Q)

where
Y= 0lpy, Wi = (e dixddid + 09loxy dxddrg) (67
%@/ax"dx, + vip = —41r(G/m,,)2p0e‘°"2, v = muclh (68)
9%Ay/9x"3x, = 470, A /ox, = 0 (69)

Q(x0) is the spatial volume occupied by the nucleus.
From (66) we get
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aWJax, = e Pplaxtox,
+ y(8%Ay/0x*0x, — *°Adoxdx°) + U (70)
where
U = (1/c?)e® dlox* a¢ldx, + 9v/0x, (0AYaxt — dAJ3x%)  (T1)
From (68)—(70) we find

U — aWdax, = e [4m(GIm,Ypee®” + v2g] — 4my, v = 6/pg
(72)

Hence
ATOYV(GIm,y)2e2®< — 1] = U — aWJox, — vige™ (73)

As follows from (73), inside the nucleus the extreme value of the nuclear
potential ¢ satisfies the correlation

Ge“"czlmp'y =1 a4

since in this case we have the infinite value of the charge density: 6§ = o
It must be noted that formula (74) is also correct when quantum mechani-
cal effects are essential (A < 20). In this case only formula (67) for W, must
be changed and therefore the left-hand side of (73) and hence formula (74)
are right.
For the proton, y = const = e,/m, and from (74) we find the extreme
value of the nuclear potential inside the proton

¢ = —c? In(Gle,) as)
Outside the proton we have
myp = —gle”VIr (76)

where g%/fic is a dimensionless characteristic of the strong interaction.
It follows from (75) and (76) that the extreme value of g can be deter-
mined by the correlation

ge™vlr, = —m,e(r,) = myc* In(Gle,) amn

where r, is the proton radius.
From (77) we find

gltic = (mJm)vr,e”? In(Gle,) (78)

As follows from experiments (Naumov, 1984), in the case under consid-
eration r, =~ 1.2 fm and from (78) and (58), (61) we get

g¥hc ~ 15.6 (79)
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It is interesting to note that the obtained constant (79) of the high-energy
interaction of protons is in accord with its experimental value, which is
approximately equal to 15 (Acosta et al., 1973).

Hence the obtained results are in accord with the experimental values
of the binding energies of nuclei, their radii, and the constant of strong
interaction.
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